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ABSTRACT

We consider the Euler equations on the Lie algebra so(4, C) with a diagonal
quadratic Hamiltonian. It is known that this system always admits three
functionally independent polynomial first integrals. We prove that if the
system has a rational first integral functionally independent of the known
three ones so called fourth integral, then it has a polynomial first integral
that is also functionally independent of them. This is a consequence of
more general fact that for these systems the existence of Darboux polyno-
mial with no vanishing cofactor implies the existence of polynomial fourth
integral.
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1. Introduction

For a given system of (polynomial) ordinary differential equations depending on
parameters, the question arises, how to recognize those values of the parameters
for which the equations have (rational or polynomial) first integrals? Except
for some simple cases, this problem is very hard and there are no satisfying
methods to solve it.

In this paper we obtain a partial result concerning this problem relevant for
the so-called Euler equations on Lie algebras [1-3,6,13,14]. For these
equations the problem is largely open too.

Let us recall their definition. Let (L, [-,-]) be a finite dimensional (real or
complex) Lie algebra. L* its dual. For f,g € C°(L*) their Lie-Poisson
bracket {f, g} is defined by

{f,9}(x) = (z,[df (x), dg(2)]),

where z € L*, df(x), dg(z) € (L*)* = L** = L, and where for z € L* and
yeL (z,y) =)

Recall that the function F' € C*°(L*) is a Casimir function of the Lie
algebra L if {f, F'} = 0 for every f € C*°(L*).

Element x € L* can be written z = Y1 | z;ef; x; € C°(L*), 1 < i < n,
where {e},..., e’} is the basis dual to a fixed basis {e1,...,e,} of L.

For a given function H € C°°(L*), the system of differential equations

dx; .
(1.1) :;:{zi,H}, 1<i<n,

is called Euler equations on the Lie algebra L with the Hamiltonian H.

*
n

It is easy to see, [13], that a function F' defined on L* is a first integral of
system (1.1) if and only if {F, H} = 0. In particular, the Hamiltonian H and
any Casimir function of the Lie algebra L are first integrals of system (1.1).

Only for Hamiltonians H that are functionally independent of the Casimir
functions, the right sides of system (1.1) do not vanish identically. That is
why we will always suppose that the Hamiltonian and Casimir functions are
functionally independent.

From now on we will concentrate only on complex six dimensional Lie algebra
so(4, C)—the Lie algebra of the complex Lie group SO(4,C) and study one of the
simplest examples of Euler equations on it—the Euler equations corresponding
to the so called diagonal quadratic Hamiltonian.
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The Lie algebra so(4,C) admits two functionally independent polynomial
Casimir functions. Thus any system of Euler equations on it always admits
three functionally independent first integrals.

For this Lie algebra, on the level manifolds of two functionally independent
Casimir functions any Euler system, at least locally, can be reduced to the
standard Hamiltonian equations with two degrees of freedom (see Sections 6.1—-
6.2 and Theorem 6.22 from [13]).

In appropriate basis of Lie algebra so(4, C) (see [1]), the Euler equations cor-
responding to a diagonal quadratic Hamiltonian % 2?21 \ix?, take the following
elegant form:

dx

d—tl = (A3 — \2)zax3 + (Ag — As)T576,

dx

d_t2 = ()\1 — )\3)1‘11‘3 + (>\4 - )\6):7541'6;

dx

d_tg — ()\2 — )\1)361302 + ()\5 - )\4)1'4$5a
(1.2) d

T

d_t4 = (A3 — X5)w375 + (A6 — A2)Tams,

dx

d—t5 = (M — A3)w374 + (A1 — Xg)T1756,

dx

d_ts = (A2 — A)zaxg + (A5 — A1)z 5,
where A := (A1,...,X¢) € CS. Exactly the same construction takes place for

Lie algebra so(4,R), where X := (\1,...,s) € R® and equations (1.2) remain
unchanged.
They always have three first integrals:

6 6
(13) H1 = T1T4 + T2X5 + T3T6, H2 :Zl‘?, HgiZ)\zl‘ZQ
i=1 i=1

Unless all the \;; 1 < ¢ < 6, are equal, in which case the right hand sides of
system (1.2) vanish, these three integrals are functionally independent.
The first integrals H; and Hs are Casimir functions of the Lie algebra so(4, C).
Whatever the chosen notion of integrability, the system (1.2), to be integrable
needs a supplementary first integral H,, functionally independent of Hy, Hy and
Hs, called shortly a fourth integral. The only known cases when the fourth
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integral exists are the Mlanakov case, defined by the condition
M = M As(Aa+A5—A3—=X6) +F A2 A5 ( A3+ A6 — A1 — A1)+ A3 A6 (M1 +Aa—Aa—A5) =0,
and the product case, defined by the conditions

A=A, A=2A5, A3 = ¢

In both cases the fourth integral can be found among the polynomials of
degree at most 2 (see [1,9]). As in [9] the table of these first integrals was not
correctly printed, for the sake of completeness we reproduce its correct form in
Appendix.

We will concentrate only on fourth rational integrals. As is well-known,
their absence implies the absence of algebraic fourth integrals [8,18,19] as well
as the absence of meromorphic fourth integrals defined on some neighbourhood
of 0 of CS, [20].

The main aim of this paper is to prove the following theorem.

THEOREM 1.1: If for some \ € C, the Euler equations (1.2) admit a rational
fourth integral, then they admit a polynomial fourth integral.

Let us note that from the validity of Theorem 1.1 in complex setting, its
validity in real one follows immediately.

The proof of Theorem 1.1 is based on the study of Darboux polynomials
(see Section 2.1) for Euler equations (1.2) and the rich symmetry properties
of these equations. In fact, Theorem 1.1 is a direct consequence of the more
general statement (Theorem 3.1) concerning these polynomials.

Let us underline that the following conjecture remains open.

Conjecture : In both cases, so(4,C) and so(4,R), Euler equations (1.2) have a
polynomial fourth integral only either in the Manakov case or in the product

case.

See [1,3,5,6,15,17] for partial results which confirm it.

The paper is organized as follows. In Section 2 we collect all auxiliary facts
needed for the proof. In Section 3 Theorem 1.1 is obtained as a direct conse-
quence of more general Theorem 3.1 concerning Darboux polynomials. Let us
stress that all proofs are completely elementary.
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Finally let us note that in [10] an exact counterpart of Theorems 1.1 and
3.1 is proved for so called natural polynomial hamiltonian systems of arbitrary
degree of freedom.

2. Preliminaries

2.1. DARBOUX POLYNOMIALS. Consider a polynomial system of ordinary dif-
ferential equations defined in C™

dz;
(21) %:V](l‘hawn); 1<j<n.

For a holomorphic function F' defined on some open subset of C” let us define

Z 6.1'1

The operator d is called a derivation associated with system of differential
equations (2.1).

A polynomial P € Clxy,...,2,] \ C is called a Darboux polynomial of
system (2.1) if for some polynomial S € C[zq,...,x,] one has

(2.2) d(P) = SP.

The polynomial S is called a cofactor of the Darboux polynomial P. When
S £ 0, P is called a proper Darboux polynomial. When S = 0, P is nothing
but a first integral of system (2.1).

Here we mention some properties of the Darboux polynomials:

(D1) Let P; and P> be non-zero relatively prime polynomials that are not
first integrals of system (2.1). Then the rational function P;/Ps is a
first integral of system (2.1) if and only if P; and P» are its proper
Darboux polynomials with the same cofactor.

(D2) All factors of a Darboux polynomial of system (2.1) are also its Darboux
polynomials.

(D3) If Py and P» are two Darboux polynomials of system (2.1) with cofactors
S1 and S, respectively, then P P is also its Darboux polynomial with
cofactor S1 + Ss.

(D4) Let us suppose that the right-hand sides of system (2.1) are homoge-
neous polynomials of the same degree. Let P be a Darboux polynomial
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of system (2.1). Then its cofactor S is homogeneous and all homoge-
neous components of P are also Darboux polynomials of system (2.1).

See [12] for more details.

2.2. PERMUTATIONAL SYMMETRIES. The Euler equations (1.2) possess invari-
ant property called permutational symmetry. The permutational sym-
metries can be described generally as follows. Let x = (x1,...,2,) € C",
A= (A1,..., ) € C" and let V(z,A) = (Vi(z, A), ..., Vi(z, X)) depend holo-
morphically on (x, \) € C?". Let us consider the following system of differential
equations

dx
2.3 — =V(x,\).
(23) =V
Let o be an element of the symmetric group S,,, i.e., the group of all permuta-

tions of {1,...,n}. For a = (ay,...,a,) € C" we will note

U(a) = (aa(l)v ceey aa(n))'

A permutation o € S,, will be called a permutational symmetry of system
(2.3) if for all (z,)\) € C?", one has

Vi(o(x),0(N) =eVomy (z,A), 1<k <n,

where ¢ = £1 is a constant independent of k. All permutational symmetries of
system (2.3) form a group.

THEOREM 2.1: Let o be a permutational symmetry of system (2.3).
(a) Let F = F(x) be a first integral of system (2.3). Then the function

F=Foo !isa first integral of the system
d
(2.4) d—f = V(z,o(\).

(b) Let P = P(z) be a Darboux polynomial of system (2.3) (see (2.2)). Let
us note d the derivation associated with system (2.4). Then

where P=Poo ! and S=Soo 1.

For the proof of (a) see Section IT of [9]. (b) is proved exactly along the same
lines.
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The group of permutational symmetries of the Euler equations (1.2) consists
of 24 elements. Among others it contains the following five permutations:

TQ(L 2735475ﬂ6) = (27 153755476)5

73(1,2,3,4,5,6) = (3,2,1,6,5,4),
(2.5) 74(1,2,3,4,5,6) = (4,2,6,1,5,3),
75(1,2,3,4,5,6) = (5,4,3,2,1,6),
76(1,2,3,4,5,6) = (6,2,4,3,5,1).

For more details see Section II of [9] where, with the notations therein, 7o = o7,
T3 = 03, T4 = 07, Ts = 0g 0 01 and T4 = 07 0 03.

Let P be a proper Darboux polynomial of system (1.2), that is d(P) = SP,
where d is the corresponding derivation and S € Clzy,...,z6]\{0}, S(z) =
Z?Zl Q;i%;, ai1,...,06 € C and at least one of them is non-zero, say o, # 0.
According to (2.5) 7;,(40) = 1. Now, Theorem 2.1b implies that without loss of
generality, one can always assume that oy # 0. This fact will be used in the
proof of Theorem 1.1.

Further, d will always denote the derivation associated with the Euler equa-
tions (1.2).

2.3. ANOTHER INVARIANCE PROPERTY. Beside permutational symmetries, the
Euler equations (1.2) possess also another invariant property related to the
change of signs of the couples of variables (1, x4), (z2,z5) and (zs3, z¢) respec-
tively. More precisely, let us note that

T14($1,$2,I37$47x5,$6) = (_xl,l‘Q,fEs, _.1'4,1‘5,1;6),

(26) T25($1,ZL'2,ZL'3,IE4,IL‘5,ZL'6) = (zla —I2,T3, T4, 7z57l‘6)7

7-36(1‘1; Z2,X3,T4,Ts5, 1‘6) = (l‘la T2, —T3,T4,Ts5, _l‘ﬁ)'

It is easy to see that for (ij) = (14), (ij) = (25) and (ij) = (36),
Tij_l OdOTij = —d,

that means that under these transformations, the right hand sides of equations
(1.2) change signs.

For the polynomial T' € C[x1, ..., x¢], let us denote T(;j) := T o 7;;. Thus, if
T'is a first integral of the system (1.2), then T{14), T(25) and T(36) are also first
integrals of this system.
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Moreover, if P is its Darboux polynomial, that is d(P) = SP, then
d(Pij) = =Sy Pljy-
In particular, if
(2.7) d(P)(z) = (121 + oz + aszs + auxs + asxs + agxe)P(x),
then
(2.8)  d(Pug)(z) = (ux1 — asxs — az®3 + aus — 55 — a6) P14y ()
and

(2.9)  d(Pas))(7) = (—a1m1 + s — 323 — a4y + @505 — e6) Pos)(T).

2.4. EXPLICIT FORM OF SOME LINEAR DIFFERENTIAL OPERATORS. Let us de-
note by X;;, 1 < i < j < 6, the linear differential operator defined by the

formula

0(Hy,Hs, Hs,G)

Xij = det
](G) ¢ 8(1‘1,...,l‘i,...,l'j,...,ibs)

5
where G is a holomorphic function and Z, means the absence of z,..

These operators play a crucial role in the proof of Theorem 1.1. In particular,
for this proof we need the explicit formula for some of them.

To simplify notation, we write: A;; = A\; — Aj for i # 3, 1 < 4,5 < 6. The
needed formulas are:

X3 =(A6aZ2xaT6 + Aa5T32a25 + >\56z1$5$6)%
1

+ (M6X122x6 + Ap12123T5 + A65LaT5L6) =

83:4

+ ()\6133%5736 + AMaT12374 + )\4633421336)87
5

0
+ (MszizTs + Anx12024 + >\5433421$5)%a
6
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X25 :()\631‘1:]531'6 + )\3435%354 + )\461‘439%)61]
1
+ ()\161)%.1'6 + A1x1x324 + )\641'121-1'6)—
81‘3
2 2 —6

+ ()\13$1$3 + 612176 + A36T3T4%6) ox
4

+ ()\311'%’]53 + AMu21Ta26 + )\43$335421)

9
81‘6

Xo6 =(A532123T5 + A3aToT3T4 + )\45$4$5$6)—6x
1

0
+ (M52325 + M1212274 + A5aTia5) —

8:153

+ (M3z12223 + As1212526 + )\35363554365)87
4

0
+ ()\3133?:133 + AaT124T6 + )\4333335‘21)_635_’
5

X35 =(A621226 + A2aZo8324 + M6 T4T5%6) 5

6.1‘1

0
+ ()\161;%1;6 + A1x123%4 + )\64-1'421-1'6)—

8:132

+ (M2z12223 + Ns1 212526 + )\26362304356)87
4

+ ()\2135?332 + AaTi1x45 + >\42$2$i)%a
6

X3 =(As2@17225 4+ Aoax5as + )‘455”435?)%
1

+ (Ms@3as + Az w0my + A54Ii$5)87
2

0
+ ()\121‘1:]9% + )\511‘11‘% + )\25:]92:L'4:]C5)8—z4

+ ()\21;&352 + Aaz1x425 + )\42$235421)%,
5
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X56 =(A23T12223 + Ag222246 + )\34$3$4$5)%
1

+ (A312323 + MaT12476 + a3 T377) ——

81‘2

0
+ (M1227 T2 + M1 212475 + Ao T2x]) ——

81‘3

+ (A21210226 + AMi3T12375 + )\32$2$3$4)$-
4
It is easy to see that outside of some very special subcases of the Manakov case,
all differential operators X;;, 1 <7 < j < 6 are not identically zero. Note that
Xi;(Hy) =0,1<r <3, and, moreover, X;;(z;) = X;;(z;) =0,1<i<j<6.

2.5. LINEAR PARTIAL DIFFERENTIAL EQUATIONS. Let us consider the following
linear partial differential equation

n

(2.10) > ai(x) oF 0,

ox;
i=1 B

where a;, 1 < ¢ < n, are holomorphic functions defined on some open subset
uccr.

THEOREM 2.2: Let xy € U be such that not all a;(xg), 1 < i < n, vanish.
Let us suppose that Fy, ..., F,_1, F are holomorphic on U solutions of equation
(2.10). Let us suppose that the vectors (grad F;)(xo) are linearly independent.
Then there exists a neighbourhood V of xy, V C U and a holomorphic function
Q) defined on V, such that for every x € V one has

(2.11) Fz) = QFi(z), ..., Fr1(z)).

See §31 of [4] and also §156 of [16]. For modern treatment see the Holo-
morphic Rectification Theorem (Theorem 1.18) in [7], which immediately
implies Theorem 2.2.

Further, &/ denotes a subset of C® defined by the condition that for all
1 <i<j <6, and any point z € U, the vectors (grad H1)(z), (grad Hz)(z),
(grad H3)(z), (gradz;)(z), (gradx;)(z) are linearly independent. Unless all \;,
1 <4 < 6, are equal, I is always an open dense subset of C%. Saying that
identity (2.11) is locally fulfilled, we understand that this is so on some neigh-
bourhood of some point from U.
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3. Proof of Theorem 1.1.

Let us suppose that the irreducible rational fraction P;/P,, where P, Py €
Clx1, ..., z6], is a first integral of system (1.2) and that P; (and thus also P;)
is not its first integral. Then (D1) from Section 2.1 implies that P; and P,
are proper Darboux polynomials of system (1.2). Since the right-hand sides
of system (1.2) are homogeneous of the same degree then from (D2) and (D4)
it follows that system (1.2) admits also an irreducible homogeneous proper
Darboux polynomial P and its cofactor is a homogeneous linear form, i.e.,

6
S = E a;T7,
=1

where «;, 1 < ¢ < 6, are some constants. Since S # 0, then at least one of
its coefficients is not zero. As explained in Section 2.2, without any loss of
generality, we can assume that oy # 0.

Theorem 1.1 is now a direct consequence of

THEOREM 3.1: If for some A € CS, the Euler equations (1.2) have a proper
Darboux polynomial then they have a polynomial fourth integral.

Proof. The proof is quite long and it is naturally divided on three almost inde-
pendent parts.

PART 1: Construction of polynomial first integral.

Let P be a proper Darboux polynomial of the Euler equations (1.2). From
(2.7) and (2.8) it immediately follows that R = P P14 is a Darboux polynomial
of system (1.2) with cofactor 2(aqz1 + cyxy), i€,

(3.1) d(R)(z) = 2(a1x1 + auxq) R(z).
Thus, from (2.9), one deduces that for the polynomial U = R s5)
d(U)(z) = —2(c1x1 + auxg)U (),
and finally (see (D3) from Section 2.1) that
d(V) =0,
where
V:= RU = RR25) = (PP14))(PP14))(25) = P P14y P25) P14y (25)-

This means that V is a polynomial first integral of the Euler equations (1.2).
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The main difficulty is to decide when V is a fourth integral. We will prove
that except for some very special subcases of the Manakov case, this is always
the case. This is proved in Part 2 when the polynomials R and U are relatively
prime and in Part 3 when this is not the case. As in the Manakov case, the
polynomial fourth integral always exists (see Appendix), this will prove Theorem
3.1.

PART 2: R and U are relatively prime polynomials.
We have to decide when the first integrals Hy, Ho, Hs (see (1.3)) and V are
functionally independent. Let us suppose that they are functionally dependent.
Then for all a;;, 1 <17 <6,

(3.2) Xi;(V) = Xi(R)U + X;;(U)R = 0.

We will prove that except for very special subcases of the Manakov case, this
contradicts a; # 0.

If one supposes that polynomials R and U are relatively prime, then (3.2)
shows that either R divides X;;(R), i.e.,

(3.3) Xij(R) = fi; R,

where f;; is a homogeneous polynomial of second degree, or X;;(R)=X;;(U)=0.
For the first possibility, according to (3.2) and (3.3), we have that

(3.4) Xi;(U) = = fi;U.

In particular, Xo5(R) = fosR and Xo5(U) = —fa5U. Applying to the
first identity the change of variables o5 (see Section 2.3), we conclude that
Xo5(U) = (fos 0 725)U and finally that fas = — fas 0 To5.

But this is impossible because fs5 cannot depend on x5 and x5. Indeed,
the maximal powers of 2 and of x5 in Xs5(R) respectively are never greater
than their respective maximal powers in R. Thus fos5 = 0 and consequently
Xo5(R) = Xo5(U) = 0.

Hence we have proved that R satisfies the equation

O(Hy, Ha, H3, R)
6(1"171"3) T4, ZCG)

(3.5) Xo5(R) = det =0.

This is a linear homogeneous partial differential equation for R. It has five
solutions Hy, Hs, H3, x2 and x5 that are never functionally dependent unless
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A1 = A3 = Ag = Xg (a subcase of the Manakov case). Thus by Theorem 2.2 (see
Section 2.5), we have that locally

(36) R:(I)(HlaH27H3ax2az5)a

where @ is some holomorphic function.

Let us note that not only U = Roas, but also U = Ro7sg. This is so, because
R is a homogeneous polynomial of even degree, and it contains only monomials
that have only even sum of the powers of x; and z4. Thus the monomials of R
containing even sum of the powers of x5 and x5 contain also even sum of the
powers of x3 and xg and, respectively, the monomials of R containing odd sum
of the powers of x5 and x5 contain odd sum of the powers of x3 and x.

Since U = R o 736, exactly in the same way as (3.5), one proves that fss = 0,

or equivalently that

a(H15H27H37R)

=0.
6(1"17 T2,T4, 555)

X36 (R) = det

This equation has five solutions: Hy, Hs, Hs, x3 and zg that are never
functionally dependent unless A1 = A2 = Ay = A5 (a subcase of the Manakov
case). So that locally

(3.7) R =V(Hy, Ha, Hs, 73, %6),

for some holomorphic function V.
From (3.3) and (3.4) we know that

(3.8) X56(R) = freR
and
(3.9) Xs6(U) = —f6U,

where f56 is a homogeneous polynomial of degree two, or X56(R) = X56(U) = 0.

We prove that fs¢ cannot depend on w9, 3, x5 and xg. Indeed, apply-
ing to identity (3.8) the change of variables 725 (see (2.6)), we conclude that
X56(U) = —(f56 0 725)U. Then (3.9), leads to fss = f56 © T25.

Thus f5¢ either does not depend on x2 and x5 or is a quadratic polynomial
of them. The latter is impossible because the biggest sum a + 3 of zy%xs5”
in X56(R) is never bigger than the same sum in R plus 1. Thus f5¢ does not
depend on x2 and x5.
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Exactly the same arguments, applied to the change of variables 136, lead to
the conclusion that fsg does not depend on x3 and xg. Thus f5g, if it is not
zero, is a homogeneous quadratic function only of ;1 and x4.

Completely analogous considerations show that the polynomials fo3, fog and
f35, if they are not zero, are homogeneous quadratic functions only of z; and
4.

Assume now that at least one of the polynomials f5¢, f35 and fog is not zero.
First, let us examine the case when fs6 # 0. We have

Xss(R) _ fas
X56 (R) f56 .

Hereafter, for all representations of R as a function of Hy, Ha, Hs and two of

(3.10)

the coordinates (see, for example, (3.6) and (3.7)) we denote by 0; the partial

derivative with respect to i-th variable, 1 <7 < 5. We have
(3 11) X35(R) = X35(x2)84q)(H1, HQ; H3,$2,$5),
. X56(R) = X56(12)04®(Hy, Hy, Hy, 72, 25).

Let us note that 04®(Hy, Ha, Hs, x2,25) # 0 because otherwise we would have
fs6 = 0. Thus (3.10) leads to
_ XSS(:EQ) _ )\161'%396 + )\411'11‘3!7)4 + )\641‘1211‘6 _ E

Xs6(z2)  As123x3 + Mam124%6 + Ma3T325  fop

Ay

The polynomials f35 and fsg depend only on x; and x4 while A; depends on
1, T3, v4 and xg. Thus necessarily we have
04
Dz

Simple computations show that the last condition is equivalent to

(3.12) )\13)\1611)11l — ()\%4 + AgAa3 + )\13)\46)1'%1‘421 + )\43)\461)1l =0.

Let us consider representation (3.7) of R: R = W(H,, Ha, Hs, 23,x¢) and
vector field Xo6. As above we have
Xos(R) fa6
Xs6(R)  fos
Taking into account that 0,V (H;, Ho, Hs,x3,26) # 0, because fs6 # 0, we
deduce from this equation that

2 2
- Xog(x3)  Misaiws + Ax1moxy + NsaxiTs

_ Jx

= = 2 7= 7 -
Xs6(r3)  Aoxiwe + A1T12425 + Aoaxoxi  fs6

Ao
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The polynomials fo and fss depend only on z1 and x4 while A depends on
1, Ta, r4 and x5, therefore,

0Az
81‘2 o
The last condition is equivalent to
(313) )\51)\211‘11l — ()\%4 + X251 + >\21>\54)l‘%1‘421 + >\54)‘24z3 =0.

Let us investigate when (3.12) is fulfilled. This happens only in the following

four cases:

1. M3 =3 =0
2. Mz =X =0;
3. Mg = Az = 0;
4. Mg = M6 = 0.

In case 1 (A13 = M3 = 0) Xs6(z2) = 0, thus by (3.11) X56(R) = 0 and finally
fs6 = 0. This contradicts our assumption that fs¢ # 0, so we do not consider
this case now.

Case 2 (A3 = A6 = 0) and case 3 (A1 = A\g3 = 0) are particular cases of the
Manakov case.

Let us consider case 4 (A1 = A6 = 0). Equating to zero, e.g., the coefficient
of z{ in the left hand side of (3.13) we conclude that either Ag; = 0 or A\5; = 0.
Both possibilities together with the condition of case 4 lead to particular cases
of the Manakov case.

When f35 # 0, in the same way as above we come to the following expressions:

B — Xs6(12) As12703 + Ma®1 2406 + Aa3waa] 56
1= = — J56
Xs5(w2)  Aex2we + A1217374 + NaTiTs  f35'
B, — Xog(we)  Aisaias + M1@12224 + Asaxizs  fo3
5 = = —J2
Xss(z6)  A21@2T2 + MaT124%5 + Ma2w22%  f35
therefore,
0B, _, 9B: _
81‘3 o 6.1'2 -

As in the previous case the last two equations lead to particular cases of the
Manakov case.
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When fs6 # 0, we come to the expressions:

2 2
~ Xosz(ws)  Ae1w7T6 + AMar123%4 + MaeTiTe  fo3

G = Xog(z5)  A3122w3 + Ma212476 + Aaz®323  fos
Cy — Xs6(23) _ AM223 T2 4+ A1 @1 425 + Aoa®ox] _ @
Xoo(w3)  A5a2ms5 + A1@102T4 + Asawizs  foe
that give
oC oC
8—:13; =0, 8—:1322 = 0.

These equations also lead to particular cases of the Manakov case.

Let us suppose now that fog = f35 = fs6 = 0. From the equation X56(R) =0
we conclude that (out of the subcase A\ = Aoy = A3 = A4 of the Manakov case)
locally, for some holomorphic function © one has

R = O(Hy, Hy, Hs, x5, 6).
When 0,0 (Hy, Ha, Hs, x5, x6) # 0, the equation X56(R) = 0 leads to
()\21!]’)%1‘2 + Auz1Ta5 + )\42332zi)84®(H1, Hy, Hs3,x5,26) = 0,
ie.,
(3.14) Aot = Aia = Az = 0.
On the other hand the equation X6(R) = 0 gives
(A312323 + Mam12476 + Aazw323)040(Hy, Ha, Hy, x5, 26) = 0,

ie, A3g1 = A4 = A3 = 0 that, together with (3.14), leads to the already
excluded case \i = Ay = A3 = A\4.
What happens when 0,0(Hq, Ha, Hs, x5, 2¢) = 07 In this case we have

85@([‘[1, HQ, Hg, Ts5, ZL‘G) 7& 0,

because otherwise it will follow that R is functionally dependent on Hy, Hs and
Hs. But this is not so. Indeed, as follows from (3.1), R is a proper Darboux
polynomial because a; # 0. The equation Xa5(R) = 0 gives

()\3136%303 + Aaz1 2426 + )\433635542;)65@(5(1, Hy, H3, x5, 26) = 0,
ie.,

(3.15) As1 = Mg = Az = 0.
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The equation X35(R) = 0 gives
<)\21JC%$2 + Aar124T5 + )\423623042;)35@(11[1, Hsy, H3, x5,26) = 0,

ie, A1 = A4 = A2 = 0 that, together with (3.15), leads to the already
excluded case. Thus the assumption that Hy, He, Hs and V are functionally
dependent when R and U are relatively prime can eventually be true only in
some very special subcases of the Manakov case.

Remark: We have to note here that there are really some subcases of the Mana-
kov case when our procedure does not lead to a fourth integral. For example,
when Ay = Ay = A5 = A¢ = 0 and A2 = —\3 (subcase of case 4) the polynomial
P = x5 + x5 is a proper Darboux polynomial of the Euler equations (1.2).
However, applying our procedure on P, one obtains a polynomial first integral
that is functionally dependent on Hs. But we know that in the Manakov case
there always exists a polynomial fourth integral (cf. Appendix). That is why
we do not exclude the Manakov case from the condition of the theorem.

PART 3: R and U are not relatively prime polynomials.
We have for R and U

R = PP(14) and U = P(25)P(14)(25).

Since the polynomial P is irreducible, the polynomials P14, P25) and FP14)(25)
are also irreducible.

Thus polynomials R and U are not relatively prime only in the following 8

cases:
1. P = Pys);
2. P = —Pys);
3. P = Puay2s);
4. P = —Puy(25);
5. P4y = P25y that is equivalent to 3;
6. P14y = —P(25) that is equivalent to 4;
7. Paay = P14)(25) that is equivalent to 1;

8. P14y = —P(14)(25) that is equivalent to 2.

Let us examine case 1. The cofactor of P is

a1x1 + aoxo + a3xy + uxg + a5T5 + gl
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According to (2.9) the cofactor of Pos) is
—Q1x] + Q2T — Q3T3 — Qg + A5T5 — QeT6-

P and Py5) are equal in the case under consideration. Comparing the two
cofactors we find

051:07 053:07 Oé4:0, OésZO.

However, this contradicts our assumption that a; # 0. In the same way, cases
2, 3 and 4 also lead to a1 = 0. |

As an example of application of the procedure for the construction of the
fourth integral described in the above proof, let us consider the product case
when A1 # Ao and A1 # A3. One can easily see that in this case the polynomial

A A
P =2y a5+ “as + 1,

where ¢ = v/A13A21, is a proper Darboux polynomial of system (1.2) with cofac-
tor c(x1 +x4). Here, P = P14y and thus R = PP14) = PZand U = (PQ)(%) =
P(225). Finally the polynomial

2

A
V =RU = (PP(25))2 = 7)\—j;(1'2 + ZL‘5)2 + (ZL‘3 + 5736)2

is a fourth integral of (1.2). In fact, in this example, PPy5) already is a fourth
integral.

The explicit form of the polynomial fourth integral when Ao # A\; and Ao # A3
or when A3 # A1 and A3 # Ay follows now from Theorem 2.1b applied to the
permutational symmetries 7 = 75 o 73 and 72, respectively.

Remark: When comparing our system (1.2) with its “twin brother”—the Euler—
Poisson equations of heavy rigid body motion (see [2,3,14,15,18]) we conclude
from [21] (see also [11]) that for these equations the exact counterpart of The-
orem 1.1 holds. Nevertheless, the exact counterpart of Theorem 3.1 for Euler-
Poisson equations fails. Indeed, in the non-integrable so-called Hess-Appelrot

case, the proper Darboux polynomial exists

Appendix

Here we explicitely write down the fourth integral for the Manakov case and
product case in form obtained in [9].
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The table below covers all the space of parameters (\;)1<i<¢ satisfying the
Manakov condition. In this table all cases are explicitly written down, unless
they can be deduced one from another by the permutational symmetry argu-
ment. The last column in this table contains necessary and sufficient conditions
for functional independence of the integrals. The generic case in the table is
defined explicitly by the conditions of functional independence of first integrals
H,, Hy, H3 and F given in the last column. For the last four rows, the listed
first integrals are functionally independent except for the trivial case when all
components of A\ are equal. The results given in this table remain valid also
when \ € CS.

Functionally independent first integrals for the Manakov case

Case First integrals Conditions
Generic H,, Hy, Hj, [A16] + | A62| > 0 and
F = \ghoazi+ [A16] + |As1] > 0 and
As1X6272 — MAe222 | [Aaa] + [Xe2| > 0 and
|)\13| + |)\32| >0
Ate =Ade2 =0 Hy, Hs, Hs, [Aa3] + [As3| >0
(Case I) G=2a23+a2}+ 23
M3 =A53=0| Hy, x3, 24, T5 no conditions
AMg =51 =0 H,, H,, Hs, [Aa3] + |A63| > 0 and
(Case H) G = )\24>\431‘421+ |)\43| + |)\24| > 0 and
)\24)\631% — )\43)\621% |)\24| + |)\62| > (0 and
|A\13] + |Az2] >0
M3 =Xe3 =0 | Hy, Hy, Hs, x5 no conditions
M3 =Xy =0 | Hy, Hy, Hs, x5 no conditions
Aoy =Xg2o =0 | Hy, Hy, Hs, x¢ no conditions
M3 =A32=0| Hy, Hy, Hs, 11 no conditions

In the product case, one can take as a fourth integral
Hy = Mz174 + A2Z275 + A37376,

which when (A1, A2, A3) # (¢, ¢, ¢) for some ¢ € C, is always functionally inde-
pendent of Hy, Hy and Hj.
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